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Extremal Black Branes



Black (mem-)branes are extended versions of black holes



Black Branes

Consider a D -dimensional spacetime.

Branes generalise point particles: A p-brane has p spatial dimensions, so break isometry

group to

A worldsheet  world volume

ISO(1,p) x SO(D —p—1) C ISO(L, D — 1) worldine

* E.g. apoint particle is O-brane, a string is a 1-brane, etc.

have singularities sourced by p -branes.

* Black hole singularity is sourced by a point: O-brane!

y

sourced by a string: 1-brane, etc. particle



p-Form Electrodynamics

Would like to study charged black branes.

* Consider a d-form field A € Q4(M) on a spacetime M with dim(M) = D.

* Describe with field strength

F=dA
* Invariant under
A— A+dA
 Minimal coupling to gravity:
1 1
S=— [d°zy/=g |R - F?
2f<,f ! g[ 2(d+ 1) (@+D)

— Recover Einstein-Maxwell theory when d = 1.



Charged Black Branes

Idea: Charge the black branes under form field!

* Can couple electrically or

~

d=p—+1 or d=D—-d—-2=p+1

e Charges satisfy inequalities (BPS bounds): when saturated.

* E.g. electrically charged extremal black branes:

ds? = H %/, 5dadz® + HY 6, ,;dy’dy”, Fra,..a, = Ear..a,OrH

d
. (A N
H(p)=1+(§0) , p=ly|

—> Horizon located at p = .



Near-Horizon Geometry

Useful to look at the near-horizon geometry!

e Define near-horizon coordinate

p=ro(p/L)"", L=dro/d
* Atleadingorderinp — 0

p° L
dSQNH — 73 —Nap da®dz’ + p—dp + ngQD _p—2
2 1
FM1-..ud+1 — feﬂl---ud+1v f — ﬁ
compactification: AdS;y1 x SP~41

— For extremal black holes (d = 1): Rigidity!
[Kunduri, Lucietti, Reall ‘07]



Why should | care?

Analytic control: E.g. microstate counting of D = 5 RN via the D1 — D5 system in type-IIB

string theory.
[Strominger & Vafa ‘96]

The third “law” of BH thermodynamics does not hold generally: Extremal black holes can

form in
[Kehle & Unger 22]

. . Jhijec a,. (lron
Astrophysical black holes typically not charged, but rotate... — }{;_99)
Mrk 110 = (.99

. o . . NGC 4051 > 0.99

e ...Often quite rapidly (possibly biased measurements)! Mk 500 -~ 0.9
[e.g. Bambi "19 for review] 1HO707-495 > 0.98

RBS 1124 > (0.98

el NGC 3783 = (.98

Instability of subextremal branes HOAL057T 008

switches off at extremality. Fairall 9 > 0.97
, NGC 1365 0.97+0-01

[Gregory and Laﬂamme 94] Swift J0501-3239 = 0.96




Key Insight: Extremal black holes suffer from



The Aretakis Instability



Aretakis Instability

For simplicity, consider toy model: Massless scalar field propagating on fixed background

for (D,d) = (4,1) (Reissner-Nordstréom)
[Aretakis ‘11 & "12]
)2 [Lucietti & Reall "12]

ds* = —f(r)dv? + 2dvdr + r2dQ*,  f(r) = (1 —

 Expandingin
d(v,r, Q) = Zgbgmvrl/gm(Q)

- Individual modes decouple, obey wave equatlon
r? Ogy = 2r0,0, (rdp) + O, [r2f(r)zargbg] — 4L+ 1)py =0
 Take n-th derivative and evaluate on horizon:

20,0 10, (T¢p)] nn—+1)—£4(£+1)] af’qﬁg’H =0

T



Aretakis Instability

* Implies on horizon (Aretakis constant):
Hy =1 0y [rdr (réo)] |

* More detailed analysis shows 0),¢, decays at late time fork < 7, so
8/?¢£‘H -~ ,Un—E—l

- Blow-up at late times!

In near-horizon limit, wave equation:

/(0 +1
Hop = Uags, @r — ( )

5
7

oy,

And we can identify

8?@‘]{ ~oV TR A =041



Near-Horizon Perspective
Not a coincidence!
[Lucietti, Murata, Reall, & Tanahashi '12]
For field obeying near-horizon equation
2
Uads, @ — Megp =0

* Define scaling dimension with respect to AdSs is

1
A= <1+ \/1—|—4m§HL2)

— Generically non-integer!

* Nonetheless, can show

a?¢‘H ~ ,Un—A



Black Branes

Consider generic wave equation in near-horizon geometry of

2
OAdsy @ —megp =0

* Again: Useful to define AdS,; scaling dimension

d 4m?. L2
A=_1 \/1 o

* Can show that (need to work a bit harder...)

[Cvetic, Porfirio, and Satz 20]
n n—A
07 gy ~ v

— See paper for new perspective based on symmetries of near-horizon geometry.

At least [A] or |A| + 1 transverse derivatives necessary to see non-decay or blow-up in null
time.



Severity of determined by
integer part of scaling dimensions!




Is this a feature of just the fields propagating on
the fixed background geometry?



Gravitational Perturbations



Gravitational/EM Perturbations

To answer, consider

of the background geometry itself!

* Organise according to representations on sphere: for gravity and Hodge
decomposition for anti-symmetric fields.

[Kodama & Ishibashi ‘04]
[Rubin & Ordonez ‘84; Pilch & Schellekens ‘84; Camporesi & Higuchi "94]

* Focus on mixed perturbations: Technically challenging...
perturbations (+): Vector and scalar

* Gravitational perturbations (-): Tensor, vector, and scalar



Kaluza-Klein Spectrum

Equivalent description in near-horizon geometry: Kaluza-Klein towers of fields with decoupled
wave equations

DAde+1¢ — mgff¢ =0
* Now determined by KK spectrum: Set of m.g!

. 2L22
. Eg.for (D,p) = (11,2)

200 |

_ e S+
150 |
100
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Kaluza-Klein Spectrum

~

* Forall (d,d,?)
2 2 2 2 2
mBFng_/V_<mT<ms+/v+, mT/V+/S+>O

— BF bound satisfied (perturbative stability)

* Similar results for black branes.
[Copeland & Toms '84; Kinoshita & Mukohyama "09; Brown & Dahlen "13; Hinterbichler, Levin, Zukowski ‘13]

Electromagnetic duality /' — xF’ relates some sectors, but background generically

breaks this.

* Aretakis instability dominated by least massive modes: E.g. gravitational scalar modes

saturate for
d

o A:2, d even



Worst case: Need |d/2]| + 1 derivatives to see blow-up.

- Black branes suffer still from Aretakis instability,
but milder than for black holes!



Conclusion



Concluding Remarks

Punchline: Extremal black holes/branes suffer from classical instability,
determined by the scaling dimensions (w.r.t. AdS in near-horizon geometry).

Aretakis instability depends on integer part of scaling dimensions: Modes with integer
scaling dimensions are UV sensitive.

- Suggests breakdown of EFT, but no: Non-linearities kick in!
Better understanding of non-linearities, end-point of instability? Use numerics?

In : Holographic picture? Relationship with shift-symmetric fields or scale
separation?

Scaling dimensions also describe : Admissible curvature
singularities on horizon.



Bonus Slides



Symmetry Argument for Aretakis Scaling

Simple symmetry argument.
[Gralla & Zimmermann ‘18; Chen & Stein’17 & "18]

Consider generic field with not necessarily integer A
Oads® — magd =0,  Lomeg = A(A —1)
* AdS; Killing vector fields
Lo = v0, — pd,, L. =0,, L_=v0, —2(pv+1)0,
obey standard s[(2, R) commutation relations
Ly, L_]=2Lg, Ly, Lol =+L4

— Casimir coincides with wave operator!

C=Lr, (Lo, —1)— L L1, = Oadgs,



Symmetry Argument for Aretakis Scaling

* For solutions of wave equation take as basis functions simultaneous eigenfunctions of C
and one of the generators, say L

Cer, = A(A — 1)pp,
Loen = hipg

- General solution is @A, = fv_hFA,h(fup), where
(22 +22) F/p(2) +2(z + 1= h) Fy (2) = A(A = 1) Fyp(2) =0, z=wp

 Boundedness at z = 0 (horizon) and decay at z — oo (infinity) enforces h > A so

Z

2
Fan(z) = canz® P, (m A, A2 __)

dominated by h = A, for which, as promised

a;QbA?A’H = 0" 2 F M (vp Ny ~ ~ "o




Deformations of Extremal Black Holes/Branes

Related to deformations of extremal black branes.
[Horowitz, Kolanowski, & Santos '21, ‘22, & 23]

Recall in near-horizon limit, perturbations obey

2
DAdSp+2¢ o meffgb =0

* Restrictto deformations to near-horizon geometry
0?
_ 244 P14 2 _
e Solutions scale near horizon:
¢~ p S+ pnTe
— Describes near-horizon behaviour deformation, e.g. from multi-centred black

branes.



Multi-Centred Black Branes

Multi-centred black brane solutions have

N : . .
M. [cf. Majumdar ‘47; Papapetrou ‘47]
H(y)=1+)» -
i=0 ‘y T Y'L|d

* Reference brane at yg = 0 with M, := M, and define
i = lyil, lyl=p, y-yi=ppicosb

* Near horizon of reference brane p/p; < 1:

2 L\?
d82 p— (E) Ta d:co‘da:ﬁ—l—(—)
L B 0

with perturbation

dVQ dh(ﬂ) 2., 2 2d 2
d 1+ 7/ d=
d dlog » P —H"O[ —+ L( )]

1+ dh(p) + E

N M, 00 d/d+d o
NZ C(d/2) COSO)(p) ~ pldldrd o
— M s Pi



The Extremal Limit

Sub-extremal charged black brane metric is

2-d
ds? = £ -7 dt? + £/ 45 pdadal + dr? + r2d02
Sy
r4\¢
f+ =1- (—)
r
e (Careful about in
ry —T—
— 2 % — —_
E r e , P T T4

* Atleading order, wave equation:

0

*

(p_* + e) P 29 *cb] —m2g¢ =0

’T'_|_ 7“_|_

r=0
r_ [[ (sisgulurity)

|__—Cauchy hotizon

{t = constan t}



The Extremal Limit

* Fortunately, solutions are known:

¢NAP,Y+/d(Z)—I—BQ,Y+/d(Z), z=1+ TZ*E

e Near the

1 1
(pNA[lJrQ/g (7(; 1)(21)+...] +B[c§10g(z1)+...

— Regularity requires B = 0.

e Leading order solution in extremal limit

(b~p1+/d+...

— Regular is
p ~ L(dp,/ro)"/*

so extremal limit picks out the v, -branch of solutions!



Singularities

What does smoothness mean physically?

For metric perturbation which scales as
hag ~ p’
Backreacted geometry will have:

* Scalar invariants such as
S € {RapcpR*PP RopRAP,. ..}
scaling as
S~p", neNT
—> Scalar polynomial (s.p.) singularity for
v <0

 Perturbation to the

scales as

6Capcp ~ p 2

This e.g. enters the Raychaudhuri equation,
 describes tidal forces

—> Parallel-propagated (p.p.) singularity when

v <2
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