Covariant Formulation of 2D Chiral Scalars

Calvin YR Chen o S 18th Apr 2025
LeCosPA NTU String Theory Seminar



Covariant Formulation of 2D Chiral Scalars

based on 2501.16463 in collaboration with E. Joung, K. Mkrtchyan, and J. Yoon



Warm-Up: Maxwell Theory



Electromagnetic Duality

Consider the theory for gauge field A € Q'(M) on a 4-manifold (M, ¢), described by the
Maxwell action

1
SMaxwell = / —§F AxF,  F=dA
M

The field strength obeys:
Bianchi Identity Equation of Motion

*=0—dF =0 08 =0 —3dxF =0

* Electromagnetic Duality refers to invariance of equations under
F—xF, xF— —F

* Here: Enhancement to invariance of equations under (S)O(2) rotations

(5= (50, o (5)




Off-Shell Duality Invariance

Switch to vector notation

1
E; = Fy;, B'= ie”"“ij

e Action takes the form

1
SMaxwell = 5 /d4$ (IE|* - |B?)

(5)= (50, =) (5)

— Action only invariant under hyperbolic rotations?

* Duality rotation is now

Is EM duality only a “symmetry” of the equations of motion?

Key insight: “Formal transformation [...] only meaningful [...] if it can be implemented at the

level of the basic field variable [...].”
[Deser & Teitelboim '76]



Off-Shell Duality Invariance

* |n first-order form:

St = & [ a4 (JAT] |9 5 ATF + A8 - 94,

- Third term is constraint, and e.o.m.is AT = V2AT.

Now consider following transformation

SAT = V=2V x AT
* This generates

SE=0AT = -8V 2V x AT, B=V x5AT = BE

—> Duality rotation on-shell.
* Changes action by total time derivative, and generated by (time-local) conserved charge.

— Duality invariance is off-shell symmetry, BUT have to break to see this.



Twisted Self-Duality

Can make duality manifest using doubled field content.

 Introduce extraindex a € {1,2} on gauge fields A®. Then
F*=dA* — dF°=0

- By construction, invariant under SO(2) rotations in “extra directions”.

* Would like to identify
Fl=%xF F?=F
such that EM duality is equivalent to condition:
*F? =F!

= This is twisted self-duality relation: Implies original equations of motion.



Manifest Duality

Duality invariance made manifest by following local action
1 [Schwarz & Sen '93]

Sschwarz-Sen = —5 fd4x (5abBa .Bb — SN DR Bb) [Henneaux & Teitelboim “11]

« Equation of motion for A? sets B? = E! (up to gauge transformations). Plugging back into
action, recover

SSchwarz-Sen = —% /d4:13 (B'-B'—-E'-E')
- Maxwell action.
* Manifestly
* Not manifestly , but it is: Manifest invariance under spatial rotations but not

boosts — latter changes action, but by boundary term.



Central tension between manifest duality and covariance



(Twisted) Self-Duality



Are there other examples of (twisted) self-duality relations?



Linearised Gravity

For example, consider linearised gravity in D dimensions.

* |nvacuum, linearised Riemann tensor satisfies

Bianchi Identity Equation of Motion
Ru[vpo] — Rm/[pa,)\] =0 R/_w =0
 Same relations satisfied by linearised dual Riemann tensor
® _ 1 a3
Ryvpo = 5€uvapl™" po

e Gravitational Duality: R — R (enhanced to full rotations in D = 4) off-shell symmetry of

theory — can phrase as twisted self-duality.
[Henneaux & Teitelboim '05; Bunster, Henneaux, and Hortner “13]
- Make manifest at expense of

* Similar holds for (partially) massless higher-spin fields.

* Non-linearities: Exchanges Schwarzschild mass with Taub-NUT parameter.



Form Fields

Most straightforward generalisation to Maxwell theory.
[Henneaux ‘85]

Theory of p-form gauge field A € QP(M) on manifold (M, g) with dim(M) = d, described by
action

Sz/—lF/\*F, F=dA
Mo 2

* Numerous examples in string theory/supergravity: p = 2 in Kalb-Ramond sector, and
p=1,3 and p =0,2,4 in type-llIA and -lIB respectively.

* Electromagnetic Duality: F' — xF (enhanced to full rotations in d = 2p + 2) off-shell
symmetry — can phrase as twisted self-duality relation.

- Make manifest at expense of
[BUnster & Henneaux '11]



(Anti-) Self-Duality

Can also have (anti-) self-duality relations!

Again, consider p-form A € QP (M) satisfying
dA=0c%xdA, o==1

* For consistency (in Lorentzian signature), need d = 2(p+ 1), p € 2Nyy.

e Use null coordinates two-dimensional (Lorentzian) submanifold
dA=0_Adx~ +0,Adz™
Then xdz™ = +dz™T, so (anti-) self-duality amounts to
0+A =0

— Chirality condition: Halves degrees of freedom!

* Notorious example: Self-dual 4-form in type-IlIB supergravity.



(Twisted) Self-Duality

Twisted self-duality most general one-derivative eq. for bosonic fields.

* For particular(D, p) find (anti-) self-duality/EM duality: Dimensional reduction of chiral
fieldsin D = 4k + 2 to D = 4k gives EM duality.

* Democratic actions: Twisted self-duality as e.o.m. (from latter).

* Expect two-derivative eq. =2 difficult to find
* For gauge fields: Actions with manifest EM duality.

* For chiral fields: Describing right degrees of freedom. E.g. naive action

S:/ FAXF+AN(F —o0xF)
M

wrong...



Democratic Actions



Americans for
Democratic Action

A
AWA



Democratic Formulations

Fields obeying (twisted) self-duality relations clearly ubiquitous. For quantisation, convenient
to have actions.

* Correct degrees of freedom, nothing manifest.
[Siegel ‘84; Tseytlin "90; Floreanini & Jackiw '87]

* Duality invariance, no covariance.
[Schwarz & Sen ‘94; Henneaux & Teitelboim “11]

 Manifest duality and
[Pasti, Sorokin, and Tonin ‘97; Sen "15; Mkrtchyan “19]

Unifying picture: Descent from topological field theory in one higher dimension.
[Arvanitakis, Cole, Hulik, Sevrin, and Thompson 22]

* Description of EM, p-forms and other gauge theories from CS/BF theory.

— Straightforward generalisation to interactions.



Example: Maxwell Theory

Consider H, Hy € *(M) with dim(M) = 5 described by

1
S:/ —Hz/\dHl—l-ng/\Hl—— Ha/\*Ha
M 2 Jom

* Bulk equations of motion:
dH, =0
— Pure gauge (non-dynamical) in bulk.

* Boundary equation of motion:
H1 = *HQ
- Twisted self-duality!

Idea: Covariant reduction to the boundary should lead to covariant action of boundary
degrees of freedom!



Topological Reduction

Trick: Decompose
H,=H:+vAH

for closed, constant, and nowhere-null v € Q' (M) — defines foliation.

. H(L' acts as Lagrange multiplier for constraint
v ANdH =0
- General solution
Hj —dA, +vAS, — H,=dA, +v AR,

* Plug back into action: Obtain democratic action in Mkrtchyan form
[Mkrtchyan “19]

1
S = / [—5“6Ha AxHy — v A R, A dA,
oM L 2



2D chiral fields can be described as
boundary degrees of freedom of 3D gravity

Goal: Do this!



3D (Higher-Spin) Gravity



Focus on the gravitational sector for now



Frame-Like Formulation

For gravity in first-order form, fundamental fields: vielbein {e“} and connection {w“; }.

=2 In D = 3, useful to dualise

Wl = %Eabcwbc
« Einstein-Hilbert action with A = —1//* <
1 1 1
SEH = —— e’ A |dw?® + =€ [ WP AW+ —e® A €€
BE=80G [ T3 ”C( KT )]
* Equations of motion are vanishing of and respectively:

T :=de® +w Ae? =0,
R = dw?® + €%, (wb A w4+ el A ec) =0

— Reproduce Einstein’s equation with

a b
guV — eueunab



Chern-Simons Formulation

Can write in Chern-Simons formulation.

* Define sl (2, R)-valued gauge fields

Aa:wa—l—%, Aa:w“—%
- Useful of generators is
+1
[Lma Ln] — (m o n)Lm—I—n — A= Z A(n)Ln
n=—1
Identifying k = ¢/4G,
~ k 2
Sen = Scs|A] — Scs|A],  Scsl4] = 4—/ Tr (A A dA + §A AAN A)
T JMm

* Einstein’s equation equivalent to flatness condition on both field strengths.

- (Classical) equivalence of AdS3 gravity with s0(2,2) ~ sl(2,R) @ s[(2,R) CS theory.
[Achucarro & Townsend '86; Witten ‘88]



Aymptotically AdS Fluctuations

Put on curved background: Flat background gauge field A, i.e. for which
dA+ANA=0

e Action for fluctuations: “Minimal coupling”

k 2
Sla] = 47r/ Tr(a/\DcH—ga,/\a/\a>, D-=d-+A4,]
Most general AdS3 solution
62

Z2

[Banados ‘99]

ds® = Kdac+ + 22L(x )d:z:_) (dz™ + 2*L(zT)dx™) + dzﬂ

* Explicitly for chiral part:

AP =2 AT =2 A_:2z£(at+)da:+



Incorporate higher-spins now!



Higher-Spin Fields

Why higher-spins?

Fields characterised by mass + spin: Higher-spin fields natural (in the free case).

Natural context: String theory and (e.g. YWn-minimal model holography)

Presence of s > 2 typically implies existence of spin-2: Higher-spin gravity.

For interactions: Various no-go “theorems”!

 E.g.in D > 4 need infinitely many higher spins, e.g. Vasiliev HS gravity (dual to vector
model)

— Caveat: In D = 3, little group does not admit arbitrary helicity massless rep. (no dynamical
HS bulk degrees of freedom), but good



Fronsdal Field

Massless spin-s on curved space described by symmetric rank-s tensor field obeying

(B =m5) dujg +--- =0
* Invariance under gauge transformation

0Puls) = 8V (g Epfs—1]): 6/«&[8—3]A)\ =0
analogues of vielbein and spin connection {e®t%s—1 (%1311,
* Fronsdal action around spin-2 background, schematically
SFronsdal N/ {eN|[dw+wAw|+eN|[wAw+eAe]}
M

e E.o.m.: Vanishing of higher-spin torsion and curvature = Fronsdal equation.

* J|dentification with Fronsdal field via

Puls] = € (ur - €T (a1 €pia)als—1]



Chern-Simons Formulation

For , define s[( N, R)-valued gauge fields
1
aal As—1 (JJ s —1 _|_ Eeal---as—lj &al As—1 w s —1 E60}1---(1}3—1
e Useful of generators
s—1
Ly, W2 ~ WE T (Wgwg’) ~Omnbey —ra= 3 aMW
n=—(s—1)
* Fronsdal action now
g — @11~ ¢@)r~
Fronsdal [8, UJ] CS [CL] CS [CL]
k
8(2)[] 4—/Tr(a/\Da), Da=da+AANa+aNA
s

Description of massless spin-s around on-shell gravitational background.

= E.g. includes linearised gravity for spin-2!



Covariant Reduction
to Boundary



Boundary Theory

Focus on the linearised theory.

For full reduction, careful about boundary terms.

* Foranysl(N,R)

with opposite sign

Correct

Srla)l

_E/
_47'(' M

S[a,&] — SL[CL] — SR[&]

_ﬁ_/
—47'(' M

1

Tr(a/\Da,)—§/ Tr (a A *a)
OM |

1
TI‘(EL/\DEL)‘Fif

oM

/condition: Chirality condition

=0

(a — *xa) ‘8M

Tr (a A *a)




Topological Reduction of Linearised Theory

Follow topological procedure from before.

* Trick: Decompose
a=>b+ v
* Field 7) acts as Lagrange multiplier enforcing constraint
vADb=0 — a=Dyp-+uwvp

* Plug back into action:

k 1
Sp = —— Tr [—(Dgp+vp)A*(Dgo+vp)D¢/\vp
47 OM 2

Is this the correct action?



Dynamical Content

Connect it to

* Integrate auxiliary field p out:

k 2 1 "
Sp = — py dxv—_Tr( FvaDgeD_ )

- PST-type action (covariant + duality symmetric, but non-polynomial)!

* Gauge fixing v = dz’

k
St = d*z Tr (D1pD_g)
o
— FJ-type action: Up to gauge freedom, equation of motion reduces to:

D_o=0
as expected.

—> BUT for right degrees of freedom, need to impose asymptotic boundary conditions.



Boundary Conditions

Fluctuations should be subdominant to background.

 Gauge-fixing v = dz°, asymptotic AdS conditions:
ags’n) =0 (zl_”’) , for n>—(s—1)

* Spin-1 reduction: Floreanini-Jackiw

* Spin-2 reduction: (non-chiral) WZW/Liouville or Alekseev-Shatashvili.
[Coussaert, Henneaux, van Driel '95]

[Cotler & Jensen ‘18]

algebra: Drinfeld-Sokolov reduction of affine-s[(2, R) to Virasoro

(matching central charge!).
[Brown & Henneaux '86]

* Higher-spin reduction: Toda or higher-spin generalisation of AS.

* Asymptotic symmetry V'V -algebra!



Higher-Order Chiral Scalar

Higher-spin AAdS conditions trivialised by
a®>™ = 2z7"Deps™ . D&M (0,2) =0, for n > —(s—1)
- Only need half of these.

* G@Gives recurrence relation

015" + (s + n 4 1)Lolent2)
s—n—1

¢(S,n) _

> Solve everything in terms of @55~ 1)

* Plug back into FJ-type action: HS generalisation of FJ/AS describing higher-order scalar

SLN/ dszlgb(S’l_S)a_qb(S»S—l)N/ d%D(LQS—Ugb(sas—l)@_gb(s,s—l)
oM OM



Higher-Order Chiral Scalar

What is this operator D(EQS_D ?

* Differential operator of maximal order 2s — 1, defined by recurrence relation: E.g. for spin-2
and -3

DY =8} —200, L+ L),

DY =00 20203 L+302LO1+301 L +2L0)+8(301 L2 +2L1 L+ 3L
* For constant L: Operator factorises

s—1
DY =0, I (87 - 4£n?)
n=1

- Coincides with Bol operators: Invariant under projective action of SL(2, R).
[Bol '49; Gieres & Theisen '94]

* Physical degrees of freedom are chiral scalar: Tachyonic (massive) scalars in (A)dS, with

definite-sign momentum (energy).
[Farnsworth, Hinterbichler, and Saha 24]



For non-linear reduction for spin-2 and -3 cf. our paper ©



Conclusion



Concluding Remarks

Various fields obey twisted self-duality relations in theoretical physics.
* For gauge theories, EM duality symmetry.
* For chiral fields, (anti-) self-duality = chirality.

Long history of attempts at with twisted self-duality relations as equations of
motion.

- Recent development: Topological boundary reduction.

* Applied this to higher-order chiral scalars: Boundary degrees of freedom in AdS3 HS
gravity.

Goal: Repeat for linearised (HS) gravity in D = 4.



Thanks for your attention!



Bonus Slides



Non-Linear HS Gravity

Non-linear HS gravity is s[(N,R) @ s[(/NV,R) CS theory: Massless fields up to spin-N with HS
self-interactions.

* Including boundary terms:

Susc = Sp[A] — Sg[A], A= ZA(”)L +Z Z (s W)

n=—1 s=3 —— 1
where m==(s—1)

SL/R[A]:/ Tr [A/\dA+§A/\A/\A]i/ Tr[A A A
M oM

* Bulk equations of motion: Flatness condition, solved by
A =G 'dG = g, ' Agy + 9, dg,

* Boundary equation of motion: condition

(A —*A) ‘aM =G '0_G =0



Boundary Reduction

Once again interested in covariant boundary reduction.

e Action reduces to
1 _
Sy, = f Tr [5 (97 dg +wvp) Ax (g7 dg+vp) +oA(p+N)g 1d9] +Swzw (9]
oM

* Connect to non-covariant formalisms by integrating and fixing gauge:

S; = —2/ d?z Tr [9_13199_18—9} - 1/ 1r [(‘q_ldg)g}
oM 3 M

* Need to supply with asymptotic conditions

v A AEM) o ANASY for n>1-—s

oM

= In terms of group elements,
g t01g=Ly, for n>—(s—1)



Spin-2 Reduction

Consider e.g. reduction procedure for spin-2.

* Gauss decomposition of group element

gqﬁ — 6€(L1—£L_1)€O'L0€fL_1

* In fund. rep., asymptotic conditions are
1
e =01x, [f= —5810
upon which action becomes

2
SL:/ A%z _81X8—6’21X_4£81X6_X
oM (01x)

—> Alekseev-Shatashvili action.

For spin-3, possible but long expressions...
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