
PLANE
hit anne ?

Who's still enjoy 1-9 ACT ?

Demo : who's 3rd / 4th Ye - uh
, Msc

,
QFFF ?

Questions

common Mistake }

Not
using integrals

on The sheet

Doing The integrals wrong ? E. 9 . trunking 7 doesn't

vary
over e- come

,
or shifting variables / coordinates

Inconsistent'Y ,

confining manors about different points ;

RE : there , a

Go through questions





ACPRapidt-eedbaalo2.ve
can treat III. by treating e- constituents

individually with appropriate weighting / normalisation .
we will

concentrate on d. is one to say stems ,
but it's

easy +- gene ai ne t-

to continuous systems .

here a
/ b >

. . . C- { →
, . . >

,
or } label -~ particles ,

and denote quantities

for Individual particles cut - low- can tell US .
The arm -1- of

mass position is

± = Z
a

Ma =
a

beg derivations [ i. e
. I and £ ) follow me - know - law S

2-c) we polish particles ( as long as internal forces are centra) .

Th -g-' an moment -~ is an fined as

I = I
ma = , ✗ =

'

a

= I ÷
a

www.i - be fine s e - in er-11
-

a Ten S-

I
:|
. = Far ma ( ta sij - ra

, ;
r
- ij
)

The kinetic energy of this is also analogous To The linear care

i
,
e
,

T = É ≥ malka ✗ Eat
'

= E E
-

ma Y
' ( Ea ✗ 11 ✗ [

a

) ) = É I.g. wi wi

symmetry a >as of I correspond + - ee
'

g-
me or- s of I ,

s -

I is diagonal in court aebl ] chosen coordinates
.

The time - Lee per Lence of ≤ is

÷ = I n

e"

+ z
in

]
- a

× [ f-
•

f-
at

a
↳



ivee--

, =
,
ZT Z [

a

✗ f
aw

[ [
a
- I b) × f-

as
a

- a

Ttr Central forces , the second term drops ◦ out ,
and

e-one

in = I
a

Ia × f- a = ≤

we can cello separate The centre of mass motion from The rest .

If we talk

≤
a

= R +
≤

a-

of

them

a

ma ( E × I + I a- rtÉ + = ? ✗ ÷ ;)I = I

=

ME ✗ I + ≤
*

*
= Tz

ext

e

,

I ? × ± ,

we can also a 0 This for the moment of inertia
'

.

I .j
= I ma [ ( IET → :* + I :[ '2) sij

* +'
≠

- (+ i 1- j
+ 2 Rra,j ) + ✓

a. i rbij ) ]

*

=

on

a

IijIij

This generalises the parallel axis Theorem . The knee ic

an - guy splits too
.

-

T = I § ma c ' II
'

→ 2 E- =
,

-
→ 1k£ I

' )

= ⇒ as if I
>
+ } Za m

, in
I
'



ACPP-blemsher-7.hr
- d - boiled egg of mass M and constant density g- .

^

z

⇒

?⃝ 2-
com

× f-
t

9 be ✓ own cylindrical symmetry about the 7- axis .
Hence the

-

2- - axis is a symmetry a
>air [ or the × -

7 plane is a symmetry

plan ] . The principal a >US , ice . eugen are arms of the inertia

tensor snowed the 2- - axis
,
and { any linear combination of ]

c- ~ I - and ] _ a>c is
,
The late T- o being degenerate .

SCI ce e - C - ordinate axes on Ign art - t- p ni - ae
'

p one axe 5
,

we oe[ pear I to be diagoras ,
and ↳

T ST - mehr ] I ×≥
=

Iyy .

In particular ,
we call tract

sZig
. = → → per) ( ITV sij

- ri rj )
h - day

For our -system ,
+me off - diagonal components ( it ] )

are

Iij
= - f f s

>

× rirj
egg

since i ≠ j , one of ri , rj E { " I Y
} .

The body and

hence integration so- ain is even under ✗ → - ×
, T 1-

-

Y

'

by rotation
as symmetry while + m integrand is odd to

= 0

-

I
> y

- 2
≥ >,

= I [ d
>
× ( x ' -

y
'

)

h

f
' 3

g. g.
, §

" "

= f. / d , /
ʳ '' '

to [ as > of - sin
' 4) = 0

•

-



b) Now can situ rotation S about P ,
with

X-p
= ( 0 , 0 ,

2-
p )

From The game ari Md parallel axis theorem , we know +rat no -

+ a - ins ar --÷ifÉÉÉ
] head + - different

parallel axis .
However

,
P is on a principal axis ofrotationsaround the origin ,pÉ parallel .

can also see this by Iff ? I- a - axis needs to be a

principal axis ,
and an

] two linearly in Le per tent re crews
in

the plant orthogonal → it are all > - ou generate principal

a >ces i

c) Lee ZI / 2 ] denote + no [ principal ) moments of inertia

in T- nor -7 - tae / / vest i can d. ^ - chin > for rotation 1 about

The origin etc .

A- the level of ten sons ,

g.
p

com p a-

= I e I

Pf
when I is the inertia terror of the cent - elf mass with

respect to P
.

Similar holds for P → 0
,

so

0 P T

z
P

= ( z - z
- →

) → I

Then we just need to compute T- relative moments of inertia .

F↳

-
com

= ( ° I ° , 2-
[ •µ ) the the centre of mass position

-

from The origin .
Then

I

≠
= me C IE12 sij - Ri ←

j )



0 ° 0

• 11 : : := he 2-
c- we

° - ° ) - / - o o ) ] = or team ( o - o

• .
-

i;
: : :|

,

The inertial -1 - sor f- The war + → of brass about ± p
are

>
ij

" "

= M
' ( I F. - Ipl

>

sj
.

_ ( E - Ip ) - ( E -

± , ) )

O
- O

- m ( 2- com -

=p )
> ( ; : :)

nerve ,

p p o o

I
_

= I
≥ ≥

= I
z ≥ =Iu-

i. e - n -w -

ay - argos , awhile

p P

= I - one 7

2

1- me ( I come
- 2-

p )
"

I
h

= I
T.LK ✗ y,

C- we

◦

°

=

faZp
"

C- M com

d) we cue , I assume I
h

> In
.

For rotation s t- tae to -

+ all ] sign- ed
- ic - e is -Ti all ]

want to + -me 7-
p
s - t r aht

pP

= [
✓In

c-on
<on

> I
~

At 7-
p

= 2-
come , It ,

but a> we move away
from the centre of mass

,
I ' e . as 17 p

- I
c- me

I 1- come a bet
,

I
P

wanna - s e- can - _ on ,
' ce I

↑
in a - • MS

, so
+-it is not

✓ h

possible -

th- one precisely ,
taking P = c- oh

,
we know + rat

com -

I = In
v

come

=

2m
^

In
°

- M 2-
come



So w un
S T - so've

c- ~

a - an PP

]
,

=

In
= I + te ( 2- c- an - 2-

p )
"

= ]
,h

for 2-
p -

This has no real solutions ?

2- Ice cream cone of mass M and uniform tensity

- Zr →
✓ , ≥ ] = ᵗ+z

I

s
↳ = 2 r [ -20

It s vote- is

v. ÷

a) chosen centre of mass + - be The origin
,
so in the te

c-← d-mate >

I
= [

me

to
>
→ ei ≥ ) I = f- / s > so I

= 0

In particular ,
the = - component

"

s

can't charge these without

changing integrand too !

0 = [
me

d
'
• -2

↓

f
" "

s , f
" "

37

,

/
"

=
✓ dr -2

- 7- ☐ 0

= 2T §
" "

☐

= a /
" " °

dz [÷ }
" "

da (+ I -2
- 7- i. -7 ,

= If + 2%-3-+7; }
" "

=

13h -470 )
- 7-
•

SO

7.
◦

= 7- h



b) one e again we have cylindrical symmetry
about the 7-

axis
,
so that's a principalÑeÉ x - and

y
-

ake S ( and any line or combination of 9- em) come at / o ( L -e -

generate ] prince you once > of inertia . Her one , The inertia

for >or is diagoras ,
and I

≥ >,

= 3-
Ty .

we may therefore

- rice

I = (
I - - o

o 2- ° )
o o 23

c) Just compute .
Since we ha - uniform density

Iij = § 53$ [ II ) ( ' II
'

si
,
' - " is'j )

b -ay

=

I /
a. me

d > → ( ' II
'

Sij - ≈ ; xj )

we can awhile this in terms of

]
ij

= [
me

d
'
"

xixj

By ' S0T-0PY

=
a Sij

and

careful about

"

I
= f-

me

d
>
× ( I 12

µ
limits again !

✓ (7)

= f
h - to

°

dz
•

§
""

( r
'

+ z
? )• & ) - d-

- -2s °

it ]
" "

sa + -22 }
It + -20 ) I >

= [÷ 0
- 2- •

: 5
""

da f ; (⇒÷ )
"

- { a- / t-÷ )
'

}2T

- to

≤

→ ) )
" "

'

⇒-'g +
= ( ¥- + →";- +

2--22-3
= 27 [ ÷ 23

- 2- o



= ⇐ ( . (E)
'

+ I ÷ ) = If

> Inn wh Kaneohe St ] ,

]
I
,

= 3 a → × =

Th 5

⇒

Them

Iij
=

g- ( Itv sij
-

Ji;)

=

g ( > ✗ - ✗ ) Sig . =

2dg sij

so The b- day is fully sagrnrr cnn.no .
In particular ,

24
g

= 2 .

≠s
.MI= I

→
= I

3
=

320 ¢ h
}
172

3h he

= -

-

d) The cone is spinning about a - axis through The cute- of

mass art of [ c- 7

I ] Are at - a day in coordinates were - principal axis coordinates ,

so

T = É Ziaei
'

= I z . 7g if I
>

=

> " "
"

T'

ii) There are no external forces ,
so That

2k
- /

z

= ≤ = 0
St

we pick the rot#E + - the 1-are originalcoordinate
systems went- principal acts - Town since I & 8

,

a- a ≤

= ÷ /
←

+=.

= E- It



Homeowner
,

since 2 is constant

=

d-
se ( - ÷ ) = a ÷

since 2 is ¥Ee , if = ° and = stays constant .

This also means enegyisf.de !


