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intro

We will describe how JT gravity and its universal Schwarzian dynamics arises. We also discuss
boundary correlation functions for matter fields in the presence of these Schwarzian modes. We
mostly follow [1-3] but also found [4] useful.

1 Dilaton and JT Gravity

Gravity in two dimensions does not propagate any dynamical bulk degrees of freedom — the equations
of motion are trivially satisfied and the bulk action is a topological invariant. We can however find
non-trivial dynamics if we allow for scalar-tensor theories with some dilaton degree of freedom ®'.
The most general dilaton gravity model we can write down with two-derivative action is of the form

Soclon®] = [ o/l [Ui(@)5 + Ua(8)9"0,50,8 + Ua(8) (1)
for some arbitrary functions Uy, Uy, and Us. However, we can
e Redefine ® = U;(®) provided that U, (®) # 0,
e Weyl transform g — ¢*¥g with w(z) = fcp(x) U3 (®')d®’ to cancel the kinetic term,

to bring this into the form

Socland] = [ Eadl |05 - U(@)]. (1.2)

These types of theories are well-motivated, as they can arise e.g. in spherical/dimensional reductions
from higher-dimensional gravity and critical strings.

1 Also known to be generically equivalent to f(R) theories.



JT gravity is a specific example of a dilaton gravity theory with U(®) = A®. Including the GHY
boundary term and a holographic counterterm, the action is

Syrlg, @] = /M d*z\/—g® (15 - A) + dzVh®(K —1) (1.3)

oM

where h is the induced metric and K is the extrinsic curvature on the boundary dM. This arises as
the universal near-horizon limit of near-extremal black holes in higher dimensions, and is hence (more
or less) of phenomenological relevance 2.

In first-order form, we can write the bulk action as
2 A ab a
Syrlg,®] = | d°zx® | dwle] — ¢ € Nep | + X (deq + €apwie] Aep). (1.4)
M

The normalisations are chosen to be consistent with the previous action, and the auxiliary fields X
ensure that the connection w is torsion-free.

2 Classical Bulk Solutions

In this section, we will find the classical bulk solutions (essentially the saddle point) of the dilaton-
gravity system, by solving the classical equations.

2.1 Gravity: Bulk AdS,
The action is linear in the dilaton, so its equation of motion simply imposes
R=2A=-2/L? (2.1)

which we choose to negative, with L defining the AdS length scale. We will set L = 1 from now on.
All two-dimensional manifolds are conformally flat, so this means our bulk spacetime is just AdS, 3.
We can write its metric in different coordinates as

—dt? + dz? 4dud

Poincaré: ds® = rae | dudy , u=t—z,v=t+z (2.2a)
22 (u—v)?
—dT? 2 _

Global: ds* = —— dudy - —dT 2+ 12 , U= r-z_ arctanu, V = r+z _ arctan v

sin(U — V)2 sin®(2) 2 2

(2.2b)

Rindler: ds? = dp® — sinh?(p)dr2, t = cothpe™,z = cschpe” (2.2¢)

which cover different areas of the space. The isometry group of AdSy is SO(1,2) ~ PSL(2,R) ~
SL(2,R)/Zs, i.e. the Mobius transformations *. We will therefore want any observables to be invariant
under this these transformations. One can verify that, indeed the metric in Poincaré coordinates is

2From the higher-dimensional perspective, the dilaton plays the role of an area, in which case the action should
come with an appropriate factor of MFQ,17 which can however always be absorbed in ®. We would then expect also
a contribution from the background value of the dilaton ®¢ multiplying the topological Einstein-Hilbert term. This
usually contributes to the entropy.

3In two dimensions, the Riemann tensor is fully specified by the Ricci scalar and one can always find a conformal
transformation to make this vanish.

4Note that SO(1,2) has trivial centre while SL(2, R) does not.



invariant under (u,v) — (gsjrrdb, Z;’jrrdb) for ad — bc = 1. This means that an equivalent coordinate

transformation to the Rindler patch is

a(%1 + coshp)e™? + bsinhpe~7/2
c(£1 + coshp)e™/2 + dsinhpe=7/2"

In particular, choosing (a,b,c,d) = %(1,—1, 1,1), has the nice property that near the boundary

(z = 0or p— 00), we get t ~ tanh(7/2). We will mostly be interested in Euclidean signature, which
we reach by defining Euclidean time tg = it;,. We get similar expressions for the metric in the different

coordinates, which all now cover the entire hyperbolic disk H?2.

t+z=

(2.3)

When considering the field theory just on AdSs , we will find that the dilaton and (if present) bulk fields
diverge near the boundary. This is unproblematic — in the context of holography these correspond to
UV divergences in the CFT, which we know how to handle®. We should therefore study cutoff EAdS,
as a cutout from the full space defined by a boundary parameterised by the Poincaré coordinates (¢, z).
Let u be a boundary time (no relation to the lightcone coordinate), so that ¢t = ¢t(u) and z = z(u). We
fix the length of this boundary by demanding that its line element is given by

1

ds boundary = Edu (2.4)
for some UV cutoff ¢ — 0. We can write this is as
da* dx?
2 _ L gV 2
ds boundary - gl“’dxl dz” = gl“/ du du (25)

and recognise that it is equivalent to demanding that metric induced on the boundary (parameterised
by just u) is fixed to be
det drv t'(u)?+ 2 (u)? 1

h — — g — = = —. 2.6
g|boundary u du du Z(’LL)2 €2 ( )

this uniquely fixes z(u) = et’(u) + O(€?) in terms of ¢(u), so there is only a single dynamical boundary
gravitational degree of freedom.

The original Einstein-Hilbert action enjoys full diffeomorphism invariance, and is in fact identical for
all configurations. It includes arbitrary reparameterisations of the boundary time w +— f(u), that give
rise to zero modes in the action. Allowing for cutouts means that the symmetry group is explicitly
broken down to only a subgroup of these transformations — some will actually change the shape of
the cutout while others, the asymptotic diffeomorphisms (e.g. rotations and translations) leave them
invariant. These are precisely the PSL(2,R) transformations. In the limit where ¢ — 0%, z — 0, and
we see that the dynamical mode t(u) transforms as

Hu) at(u) +b

ct(u) +d’
It is sometimes said that the ¢(u)-modes are the Goldstones modes for the corresponding breaking of
the symmetry®.

ad —bc=1. (2.7)

5In holographic renormalisation, we think of the radial direction of AdS as an energy scale in the CFT. For example,
empty AdS corresponds to an RG flow trajectory that stays at the CFT. Turning on some irrelevant deformation in the
CFT means that our trajectory gets deflected as we flow from towards the UV in the CFT, i.e. the boundary of AdS, in
an uncontrolled manner. This is precisely what the non-normalisable modes correspond to on the AdS side. We know
how to treat this with a UV cutoff and counterterms on the CFT side, which corresponds to an IR cutoff on the gravity
side.

6The Mermin-Wagner theorem states that there are no Goldstone modes in one or two dimensions. This is not a
spontaneous breaking of symmetry.



2.2 Dilaton

The equations of motion for the dilaton are obtained by varying the JT gravity action with respect to
the metric. In the presence of matter with stress-tensor 1}, this is just

Ty =V, V@ — g (O + A)D, (2.8)

or in Euclidean Poincaré coordinates

1 A
Ty =-— <8z +02 + 2> <I> (2.92)

z z

1
T, = <z + 82) 0P (2.9b)
1 > A
TZZ = — (-Zaz + 8t + 22) (I) (29C)
Let us solve this in the absence of matter, with A = —1. The (¢, z)-component tells us that
t

D(t,2) = % +g(z) (2.10)

for some arbitrary functions f(t) and g(z). Plugging this Ansatz into the other components gives us

1 1 1 1 1
59(2) = —d'(2) —g"(z) =0, —59(2) = g (x) + _f"(2) =0 (2.11)
which can be solved by
b
ft) = ;tQ +bt+d, g(z)= g + ez (2.12)

for some arbitrary constants a, b, ¢, and d. Putting everything together, and relabelling a + d — a,

we find that ) ) -
bt t a+b C
o 0T + ¢( +z):a+ (u 4 v) + cuw (2.13)

z u—v

where (@, b, ¢) = (—2a, —b+2¢). Further, note that the Mdbius transformation (u,v) — (A4tB  AvtVy

Cu+D’ Cv+D
with C = —5= and D = 55 (such that AD — BC =1 and AD + BC = 0) sends

u—+v 1 B% - A%w
Hii’
u—v AB u-—vw

(2.14)

effectively shifting (@, b, &) — (a + B/A,0,é— A/B). This means we can always effectively set b = 0.

This solution has some interesting properties. First, we note that it indeed diverges as we approach
the boundary z = 0. For holographic renormalisation, we therefore set the boundary condition for the
dilaton as

O =lmd~- T 2.1
|bdry sy e t'(u) € (2.15)

where ®,. is the renormalised field. Furthermore, note that (* = ¢#¥0,® satisfies

QV(HCV) = 260(vav/t)q) = 2€p(y(5ﬁ)(|:| + A)‘p = QE(HV)(D + A)(I) =0 (216)

by the equations of motion. In other words ( is a Killing of the dilaton-gravity system — this is not
a boring observation because higher-genus surfaces do not admit Killing vectors.



3 Boundary Dynamics

In this section, we will derive the action that governs the dynamics of the boundary modes and then
study them.

3.1 Boundary Schwarzian Action

We have seen that the classical bulk equations of motion fix the bulk metric to be AdSs while forcing
the dilaton to blow up at the boundary. On this saddle point, we are left with the following Euclidean

action
du ®

IJT:f/ade\/E@(Kfl):f/aMdsq)(Kfl):*/aM?f(Kfl)- (3.1)

Let us now compute this. First note that the unit normalised tangent and normal vector fields to the
curve (t(u), z(u)) are given by

et () () e

Then, using the fact that the only non-zero Christoffel symbols of EAdS; in Poincaré coordinates

are —I'',, = T%, = —T%,, = 1/z, we find that the trace of the extrinsic curvature induced on the
boundary curve is &
dxt dx¥ dz® dzP dxt dx¥ dz® dxP
K :huuKuu - | - v —h?
(g“ du du ) du du (g“ du du ) “du du eV
dx* dz¥ dz® daP
— ar- ar. ar— ar sp _ P
(g’” du du > du du O man”)Vong
dx? dx¥ dz® dzP
, Bang — 7 )

(g“ du du ) du du ( 8T aplte (3:3)
(T e et |
—\I"du du R A M

dat dzv\ ! 1 o 9
(g,w — ) (t’@unt + 2 0un, — B [—2t'2'ng + t%n, — 2’ nz])
t/ t/2+z/2+zzu) ZZ/t”
(2 + u’2)3/2
Near the AdS, boundary, z = et’ + O(e?),
K =14 %(St)(u) + O(e*) (3.4)

where the Schwarzian derivative is given by

f// f// ! _3f//2 =+ 2f/f///
sne=-3(5) + (&) - 25 (3.5)
This means that dynamics of the boundary degrees of freedom t(u) is governed by the boundary

Schwarzian action

Isaw = — | du®, (u)(St)(u). (3.6)
oM

"The surface is one-dimensional, so the tensor only has one component.
8This calculation looks deceptively simple!



The bulk and boundary equations of motion for the dilaton are equivalent to each other, so the
solution for the renormalised dilaton field is simply the boundary limit of the bulk dilaton solution.
For convenience, we redefine our notion of boundary time with du = q%du, under which,

(St)(u) = @ (St)(@) + (S@)(u) (3.7)

so that
ISchw = - / dﬂu’ (bT(u)(St> (u>
oM

S di [a’cbr(u)(St)(a) + a7t @T(u)(Sﬂ)(u)]
oM

S /a y dii {ﬁ’@r(u)(St)(ﬂ) + @' @, (u) 252

__ /SM dii {(I)(St)(ﬂ) + % (@2 2@1@)] .

We need to fix a boundary condition for the dilaton ®, to be constant Y, in which case the above
action reduces to

Ischw = —® / di(St) (). (3.9)
oM
Fixing the asymptotics of the dilaton like this leaves freedom only in the boundary time parameter,
so we will now turn to study the dynamics of these.
3.2 The Schwarzian Derivative

From the definition given above, we can immediately verify that the chain rule for the Schwarzian
derivative is

(S[f o g])(2) = g”*(SFlg(2)] + (Sg)(2). (3.10)

We can also use the following function of two variables

F(z,w) = log <f(z)_f<“’)> (3.11)

Z—Ww

as an alternative way to define the Schwarzian derivative, as

O?F(z,w) . f1(2)f (w) 1
-6——7 =61 — . 12
(SAw) = 6= 50 =6 <(f(z) “fw)? (2 — w)2) (312)
Using this, it is easy to see that for M (z) = %,
adfbc2 lez B 2
(SM)(w) =6 lim | (D2 lewtd” 1 = | =6 1im (ad — be) s — ! -
Zz—w <az7+3 - aL-i-g) (z —w) z=w \ [(az + b)(cw + d) — (aw + b)(cz + d)] (z —w)
cz+ cw—+

6hm< (ad—bef 1 2)0
==w \ [(ad — be)(z —w)]? (2 —w)

9From a higher-dimensional perspective, the dilaton value at the boundary corresponds to the radial the area of fixed

(3.13)

radial hypersurfaces, so it is natural to fix this.



so the Schwarzian derivatives vanishes for PSL(2,IR) transformations. Now, (Sf)(z) = 0 is a third-
order differential equation, so three initial conditions are required to find the unique solution. These
map precisely into the four parameters (subject to one constraint) of PSL(2,R) via

(0,00, M"0) = (3. 525 ). .10

so that f = M is the unique solution to (Sf)(z) = 0.

Using the composition law for the Schwarzian derivative, we then find that for two functions f(z) and
g(z) related by a Mdobius transformation f = M o g,

(Sf)(2) = (SIM o g])(2) = g*(SM)(2) + (Sg)(2) = (Sg)(2), (3.15)

so their Schwarzian derivatives are equal. Conversely, two functions with equal Schwarzian derivative
must be related by a Mébius transformation. In other words, it is PSL(2,R) invariant!

3.3 Saddle Point and Fluctuations

We can minimally couple the Schwarzian action to matter in the following hybrid way

I= —CI)T/du (St)(u)+/dtdz L (¢, 0c) = —@r/du (St)(u) +/dudzt’£m(¢, op).  (3.16)

The pure matter variation is

0 oLy,
1 —_— —_— = 1
ol C /dtd < 5+ 58t¢68t¢> /dtd ( 30 8t83t¢) Y0, (3.17)
which just gives the standard Euler-Lagrange variation
0L, oLy
9 O 90,6 0. (3.18)

However, varying with respect to gravity in terms of the boundary parameter u gives the following '°

D9, (St)( 6t+/dz [5755 +t 8£7n5tD

(-
= du( tl )6t+/ [&c +t' ( " 0pd + aa¢at2¢> atD
E 5.5 5t+j [&{c Hait <88]38t¢> D (3.19)
5t+ dz ot’ Lm—aa’;atqs
/da( )—a/dz[7,L—ga¢at¢D

This leads to the classical equations of motion

"[(S;——a /dz( m 86¢at¢>—tcgj (3.20)

10This is, once again, deceptively simple-looking!




for the boundary Schwarzian mode, where H = f dz Ty is the Hamiltonian of the matter sector.

We can solve this in the absence of matter, when H = 0. The solutions to this are functions with
constant Schwarzian derivative, but we do not want to consider the trivial cases of the constant function
and PSL(2,R) (gauge) transformations. To find the non-trivial solutions, we switch to Euclidean
Rindler time near the boundary #(u) = i tanh L(") = tan T(“) , with which

1/2

(S[t o 7])(u) = 72(St) (1) + (ST)(u) = (S7)(u) + 37 (3.21)

We therefore see that Rindler time 7 linear in boundary time is a non-trivial solution to the equations
of motion. Since we identify 7 ~ 7 4 27 in Euclidean signature, we take this solution to be

T(u) = —u (3.22)

so that u ~ u + B is also identified. However, for simplicity we will set 8 = 27 from now on. Note
that this is however a fourth-order differential equation, and the solutions are not generally known.

We can also go beyond the semiclassical regime and study gravitational dynamics by considering
fluctuations around the saddle point
7(u) = u+ &(u). (3.23)

Tree-level gravitational effects are described by linearised fluctuations, so we want to expand the action
to quadratic order. Once again, switching to Rindler time

(St)(u) = (S7)(u) + %T’(U)Q - % be(d e+ %52 (232 —2") £ O(F)  (3.24)

and dropping constant and/or total derivative terms

1-
Iéiilw = —5@/ du (g% —&"). (3.25)
oM
The boundary M is parameterised by v ~ u + 27 € [0,27), so we can expand in terms of Fourier
modes
1 27
Z e Mg, En = — du e™"e(u) (3.26)
~ o
neEZ
which diagonalises the quadratic action
Iéihw:_*q)z (n? —nY)ene_ n:—fQZ (1 —n?ene_p. (3.27)
neZ nez

From the definition of the 1PI effective action in Lorentzian signature, we find that in Euclidean
signature [G(z)]’1 = iI'@ — —T®) 50 we should be able to read off the two-point function from
S ~ T' at tree-level. However, we need to mod out the PSL(2,IR) gauge redundancies in the path
integral. These give rise to the zero modes in the action, with n = —1,0,+1 (or e_1, €9, and &)
corresponding precisely to the three parameters/generators of the PSL(2,R) group'!. We therefore
end up with the following expression

—i1nu

(5(u)£(0)>: Z e—in“<€n€_n>: Z m (328)

n#£0,+1 n#0,+1

| =

HShow this explicitly.



for the coordinate-space two-point function. To evaluate this, we note that

1 efisu

e—2m’s -1 82<1 _ 82)

fs) =

(3.29)

has poles at s € Z with the desired residue. In particular

—inu

jgdsf(s): > peT—— (3.30)

n#0,+1

for some contour C picking up only poles at n # 0,£1 € Z. We can take C to be the union of a
counter-clockwise circular contour C; encompassing all s € Z and another clockwise contour Cs only
encircling s = —1,0,+1. It turns out that the integral over Co vanishes. To see this, we break Cy into
two pieces C'2jE in the upper and lower half planes. For large |s| with s = x + iy,

e—is(u—ZTr) e—im(u—Qﬂ')+y(u—2ﬂ')

s2(1 — s?2) ~ s2(1 — s?2)

F(s) ~ (3.31)
and since the original expression is symmetric under u — —u, we can pick u > 0 ~ 27 or u < 0 ~ 27
for C5 or C;‘ respectively. At large |s|, the integrals over both vanish, and we are just left with a
contour integral over C; which picks up (minus) the residues at s = —1,0,+1 so that

2 2

(“_;)Hﬂ;y u> 0. (3.32)

(e(u)e(0)) = % {(u — ) sin(u) + gcos(u) -

By symmetry, this expression holds for « < 0 when we just replace u — |u|, so that generally

(wetus)) = 3 [t = msinu) + 5 coslugh ~ L9410 ay

where u;; = u; — uj. It is also useful to note that
( )e(u) = s 5 e(ueto) (339
() 1) = o (el (335

4 Matter Coupling

Let us couple the theory to some matter and study its boundary dynamics with gravity. This can be
done using the usual holographic dictionary, where the on-shell bulk partition function is identified
with the boundary field theory generating functional [5]

ZBulk/Gravity [¢] = ZBoundary/QFT [¢] (41)

DD e = (= Jor OF . 4.2
‘/{;laM"’¢ < >QFT ( )

In the saddle point approximation this is the statement that the on-shell gravitational action sup-

or

plied with appropriate boundary conditions is equal to the Wilsonian effective action sourced by the
boundary fields.



Let us consider the simplest case of a massive scalar field with Euclidean action

I, = —%/d%\/g (g“”auxc')l,x + m2X2) . (4.3)

To find boundary correlation functions, we only need to take functional derivatives of the boundary
partition function Z[x,| with respect to x,.. On the bulk side, we integrate out the dilaton and then
matter (in this order!) to find

Z[XT} ~ A Dg Do DX eil'lT[g’Q]ilm [x-9] ~ /Dt eilsChw [¢] Zm [XT'? t] . (44)
X1

In the saddle point approximation on the gravitational side, this reduces to
__gon-shell
Zsaddie[xr] ~ e a7, [x, 1] (4.5)

evaluated at the combined saddle. Note that, even at tree-level, the saddle of ¢(u) will also depend on
the matter sector and is therefore non-trivial. However, in a regime where the gravitational dynamics
are dominant, we can ignore the backreaction from the matter sector and determine the saddle for
t(u) independently'? Drop this assumption?.

4.1 Pure Matter Sector

We can find Z,,[x», t] exactly. Solving the bulk equations of motion asymptotically near the boundary,
we find

x(t,2) = 2R (t) + ... (4.6)

where ellipses denote asymptotically subleading terms as z — 0, and

A;ﬂ/ﬁ;(wm). (4.7)

In our putative dual theory we think of y, as sources for operators with scaling dimension A. The
holographic dictionary (at tree-level) tells us that the boundary field theory partition function will be
determined by the on-shell bulk action. In particular, the quadratic part is'

log Zm[xr,t] D D/dt dt'W (4.8)
where A (A
_1 1
D= m = §cA|d=1 (4.9)
and
ca = (2A —d) (A) (4.10)

GG

is the correct normalisation for scalar two-point functions when A = d/2 + k and k € Z[5].

12From a higher-dimensional perspective, the Schwarzian action comes with extra factors of MI%I so for sufficiently
slowly growing scaling dimensions, this is satisfied.

13This is slightly subtle. The boundary is not located at fixed z = ¢, so we need to evaluate the boundary term with
respect to the vector n# that is normal to the wiggling boundary curve (t(u),z(u)). The corrections are subleading in
the UV cut-off e.

~10 -



When we consider the free matter theory, this is in fact the only term in the effective action W, =
—log Z,,, but there will be other contributions to the connected correlation functions when we account
for gravitational fluctuations. As discussed previously, these are contained in the AdSs boundary and
are therefore hidden in the (¢, z)-dependence. Defining x,(u) = t'(u)'~2X,(t) such that the asymptotic
boundary condition becomes

X(t,2) =28 () 4 = e (W] A () + =T () (4.11)

we see that

A
' (u)t’ (v
log Zm[xr,t] D D / du du/ [(t(u()zt((u’)))Z] X (W) () (4.12)
with everything evaluated on the saddle.

4.2 Boundary Correlation Functions

In the regime where the gravitational dynamics are dominant, there are no matter self-interactions
via gravity and the operator O, dual to Y, is essentially free, and the only non-vanishing correlation
function is the 2-point function at tree-level

(t(ur) = t(uz))’

with ¢(u) on the saddle of the purely Schwarzian theory.

A
<0X(U1)OX(U,2)> ~ [ t(U1)t (UQ) ] (4.13)

We can capture gravitational loops by expanding around the Schwarzian saddle point

u+ e(u)

t(u) = tan 5 (4.14)
which gives
)t () ] 1
up)t (u .
2 = 55 |1+ Blur, ug) + Cur, ug) + O(e%)] (4.15)
(t(u1) = t(uz)) (2sin 432 )
where u;; = u; — u; and the higher-loop corrections are captured in
B(ul, U2) =A (5’(114) + EI(UQ) — w) (416)
tan =32
c S A+A ?
(ur,uz) = (@sin 2 )2 (1+ A+ Acosua)[e(ur) — (uz)]
— 2Asinuyg [e(ur) — e(uz)] [¢'(ur) + €' (ug)] (4.17)

— (1 — cosuz) ((1 — A)[(e"(w)? + €' (u2)?)] — 2A5’(u1)8’(u2)>} .

We can then simply use our previous result for (e(uq)e(uz)) for Wick contractions to evaluate correc-
tions due to the Schwarzian. In particular, expanding up to quadratic order in fluctuations, we find

- 11 -



that the Wilson effective action takes the form

2
1
log Z[xr] ~ /Dte*ISCth [D (l I /dui Xr(ui)> o wia\2A (14 C(u1,uz)]
i=1 (2sin #32)

D? (& / 1
+ — dug xr(u; B(uy, us)B(us, u
2 (1:[1 ( )> (2sin 442)% (2sin 4g2)*2 (1, u2)Blus, )

b

(4.18)
This means that
(O ()0, (uz)) ~ (Zsml)m 1+ (Clur, u))] (4.19)
where
and .
(] Ox(w)) ~ o um)ml(z ) (B(u, uz)B(us, us)) (4.20)
i—1 sin —5* sin =5+

which can be evaluated explicitly. do this
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